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Statistical Proofs of Some Matrix Results 
ALOKE DEY and SAYAJI HANDE 
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M. L. TlKU 
Department of Mathematics & Statistics, McMaster University Hamilton, Ontario, Canada 

Communicated by R. 6 .  Bapat 

Using statistical arguments. prooh o f  >ome results in matrix theory arc provided. Mcrst (11 the proof< use 
results in !inear ctatistical motleh and ~nultivariate analysis Some new r e w l l  are also obtained in the 
prcwesl I:! peiiicular. scvcral inequalities involving parallel sum of m:itrices are obtamed. 

1. INTRODUCTION AND NOTATIONS 

Matrix theory has been extensively used in statistics, e~pecially in multivariate 
analysis, linear models and design of experiments. The use of statistical argu- 
ments in proving results in matrix theory. however. has not received as much at- 
tention. Mitra (1973) proved some results on nonnegative definite matrices using 
statistical arguments. Mitra and Puntanen (1991) gave an interesting statistical 
interpretation of shorted operators. In a recent paper, Mitra (1993) used statis- 
tical arguments to derive explicitly the orthogonal projector onto the range of WP, 
where Wis a given matrix and PI is a given orthogonal projector. In this communica- 
tion we present a set of results in matrix theory whose proofs are based on statistical 
arguments. 

To begin with, we introduce some notations. Throughout, all vectors and 
matrices are real, vectors being written as column vectors and denoted by bold face 
letters. 

For a matrix A, ,&'(A), det(A), A' will respectively denote the column span 
(range), determinant (if A is square) and transpose. Also. for a matrix A, A -  will 
denote a generalized inverse (g-inverse), i.e., A -  is a solution of the matrix equation 
A Y A = . A .  - 

For a random vector U, E(U) and D(U) denote respectively the expectation and 
dispersion (variance-covariance) matrix. For a scalar random variable, Var (-) denotes 
its variance and Cov (., .) stands for the covariance (matrix of covariances) of two 
random variables (vectors). 
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110 ALOKE DEY er al. 

2. RESULTS 

We shall often make use of the following well known result. 

LEMMA 2.1 I f  A is a symmetric, nonnegative definite in.n.d.1 matrix, then A is the dis- 
persion n1atri.t. qf'some random z7ector. Concerseij, the dispersion matrix of any random 
veccor is n.n.d.. 

Our first result is a Cauchy-Schwar~ type inequality. 

THEOREM 2.1 Let a, b be non-null vectors and A, a symmetric r1.n.d. matrix. Then, 

Proof Since A is symmetric, n.n.d., we can write A = X'X, where Xis  a real matrix 
of order m x n (say). Consider the linear model 

E(Y) = Yp, D(Y)  = I,,,, !?! 

where I,, 1s the mth order ldentlty matrlx. 
Since a€ .  M(.-l), a'p is estimable undcr thc above model. The best linear unbiased 

estimator iBiUEi of a rp  is a'p. where p is a soiution of the normai equation 
Ap= X'Y Also 

Observe that since ae,#(A), a'A-a is invariant w.r.t. the choice of a g-inverse of A. 
Again, since each component of Xpis  estimable under (2), b'XIXP is also estimable 

under (2) for all b # 0. Let m = X'Xb = Ab. The variance of the BLUE of m'p is 

Finally, 

cov (arfi, mlB) = arA-m = a'b, ( 5 )  

where, in proving (5 ) ,  we have used the fact that a~.tfl(A). The result then follows from 
the well known correlation (Cauchy-Schwarz) inequality. Equality in (1) is attained 
if and only if b'A = ca' for some constant c. rn 

The result of Theorem 2.1 for the special case a = b was proved by Dey and Gupta 
(1977). 

A characterization of n.n.d. matrices was given by Albert (1969), making use of purely 
matrix theoretic methods. We give a statistical proof of Albert's result. 

THEOREM 2.2 Let a symmetric matrix A be partitioned as 
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STATISTICAL PROOFS 1 1  1 

where A , ,  und A,, are symmetric und A',, = A,,. Then, A is n.n.d. if'and only if 
( a )  A ,  , is n.n.d. 
(b)  A?, - A,, A;, A , ,  is n.n.d. 
(c) g ( . 4 1 2 ) ~ . @ ( A 1 1 ) .  

Proqf*. Let LJ' = ( U ; ,  U;) be a normally distributed random vector with mean 0 
and dispersion matrix A. Henceforth, we shall write this fact as U - N,(O. A). Here U ,  
is p x 1. U z  is q x 1. p + q = 11. the order of A. 

Partition A as in (61, where A, ,  is p x p. Then since D(U,)  = A , ,  , A , ,  is n.n.d., by 
Lemma 2.1. Also, the dispersion matrix of the conditional distribution of U ,  given U ,  is 

so that, by Lemma 2.1, A,,,, is n.n.d.. 
Now, let a be a non-null vector such that afA1,a = 0, which is equivalent to 

a'il , ,  - 0, sincc , d l ,  is n.n.d.. But, V3:(a 'Li , )  - ai.4, ,a. Thuz 

a' i l  , , - O=>a'L1 I = 0 almost surely (as . )  

t Let Z ,  - NP(0,.4,,!anc! Zz - Nq(07A22.i). Define U: = Z , ,  U ,  = Ai2A; ,Z1  + Z,. 
Then, D ( U l )  = A ,  ,, D(U,)= A',,A;, A , , (A~ , ) 'A , ,  + A,,,,. Also, since .&'(A,,) c 
.h'(A,, ), we have A, ,  = A , ,  B for some matrix B and therefore 

But, B'A,,  B = B'A, ,A;, A ,  ,B = A,, A;, A,,  and hence D(U,) = A,,. Finally, 

= A , , ( A ~ , ) ' A , , B = A , , B =  A,,. 

Hence 

and by Lemma 2.1, the rr~airiic ciii ilie rlis iii i1.n.d. H 

The next result may be regarded as a determinantal version of the Cauchy-Schwarz 
inequality, which was obtained by Gaffke and Krafft (1977). We prove this result using 
a simpler technique. 
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112 ALOKE DEY er ul 

THEOREM 2.3 Let A. B be rnutrices ofthe sunze order. Then 

jdet ( 4 ' B )  1' dei i.4'A) del (B'B).  

Procf To avoid trivialities. we assume that A'A. B'B and A'B are nonslnguiar. Let 
Y he a randcm vectc?r such that D(Yi = I .  Define C l  = AY and G ,  = BY Then the 
dispersion matrix of U' = (Ufi . LJ;) i q  

A'A A'B\ 

,, B'il B'B ) 
From Lemma 2.1. the above matrix is n.n.d. From Theorem 2.2 this impiies that 

B'B - B f A ( A ' A )  ' A'B 

is aiso n.n.d. Hence dei (B 'B )  2 det (B 'A) [Je t  ( A ' A ) ]  'det ( A ' B )  and the result follows. 
Equality in (8) is achieved if and only if B  = AC for some nonsingular matrix C. 

The following result was proved by Mitra ! 1973). We present a proof. which is 
believed io bc airnpiei- thaii that of Mitra (1973). 
- 
I HFOKPM 2 4 I f  il rrntl R urr n.n.d. vnurricrs puriiiionrci u.> 

and 

! j 'p ( , I  t H! - p!.4 t B ,  thez ,e(.4) - p(.4 i !  rrnrl p (B)  = p ( R !  ! 1. Herr !I( . )  ~ t t r n t l + w  
;he rank q f  ihe niatrix. 

Proof' Let U - NtO, z4) and independent of V - N(0 ,  B). Define Z = U t V. Clzal-ly 
Z - NiO, .4 + B!. Since p ( A  + B) - p ( A  + R i  i )  i t  follows that !here exists C such tiiat 
Z, = CZ, 1.e. U,  + V 2  = C'U I + CV,  as . .  Since l i  and V  are independent i t  follows 
that U, = C U ,  and V ,  = C V ,  as. .  Hence the result. 

Karlin and Rinotte (1977) proved the following result. We state their result in the 
form we need. 

LEMMA 2.2 Let gl , g, : Rn -+ R such that 

C g l ( t l ) - ~ l ( t , ) I C Y r ( t i )  - y i ( b ) I  2 0  

,for all t , ,  r2€Rn. Also k t  Z - N ( 0 ,  I), U' = ( z : ,  I:, . . . , $), where. Z' = ( 2 ,  ,I,, . . . , z,). 
Thrn 

Based on the above lemma, we prove the following result. 

THEOREM 2.5 Lrr Ai for i = 1, .  . . , n be n.11.d. nzutr-ices euclz of order k. Let there exist 
a mutrix M such that M'A,  M  is diagonal fbr  ~~trch i = 1.2,. . . . n. .Also let gi he oll non 
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STATISTICAL PROOFS 113 

decreasing functions on R. Then 

procided - M'M has nonnqat izv uff diagonals. 

Proof Let M'A, M = Ai. Then by making linear transformations, (10) can be written 
as 

with C = (M'M)-I. Now the result follows from the lemma, 

The following results are or, some matrix inequa!ities. 

procided aE.z'UA)n. K ( B ) .  Equality is achieved ifeither .4 or B is ~ f ' r a n k  one. 

Proof Let X', XI  = A and X;X, = B. Consider the three linear models, EY, = Xip  
fo r i=  1,2,3, whereY;=(Y;,Y;) and X ; = ( X ' , , X ; ) .  

Since a ~ & ( A ) n . l ( B ) ,  alp is estimable under all the three models. The BLUE'S 
of a'/? ilnder the three modcls arc T, = atpi for i = !. 2.3. ;espective!y. where pi = 
(X;Xi)-XIYi for i = 1.2.3. Also note that 

af(.4 + B)-a = Var (T ) < 
1 , Var (wl TI + w2 T2)  

-(w1 + w,) 

- - 1 
[MI: Var (T, ) + wg ~ a r  (T,)], 

(w1 + w2I2 

where w; ' = Var (T,) for i = 1,2. But Var (TI) = afA -a and Var (T,) = a'B-a. 
Hence 

If either A or B is of rank one, T, is same as (w,T, + w2T2)/(wl + w,). This completes 
the proof. 

Remark 2.1 In fact, by using the same argument we can generalize the above result 
as follows: 
if ae.X(A + B) then 

af(A + B) -a = min [a; A-a, + a;B-a,], 
~,E.KIA);BzE.K(B);~I +a1 =a 
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114 ALOKE DEY er a1 

and that if, a ~ . . r " / ( A ) n  .&(B) 

Remark 2.2 It should be noted that the above theorem can obviously be generalis- 
ed in the following way: 
Let A, be n.n.d. matrices for i = 1,2, .  . . , k and a ~ n  Ai then 

The following result follows from Theorem 2.6. 

COROLLARY 2. I Let A  he a n.n.d. symmelric. rnutrix. Theti, .fdr irny ;.Izoicc qf'n g inrcrsc, 

We now give an inequalily involving pdrallei sun; of matrices. We have the following 
definition. 

DEFINITION 2.1 The parallel sum ofpositive dejnite matrices A,. for i = 1,2,. . . , k is 

We prove the well-known series-paralkl inequality fur e.g. Anderson and Dcfi;.n 
(1969) Anderson, Morley and Trapp (1984))  using statistical arguments. 

THEOREM 2.7 Let Ai j ,  for i = 1,2,. . . , n a n d ,  = 1,2,. . . , m he posiriw definite mutric,es. 
Then 

Proof Let Uij - N(pi, Ai j )  be independent observations. Define 

for i = 1 , .  . . , n. Then T = (Y,, Y,, . . . , Yn) is complete sufficient for pi's, and hence 
BLUE'S of pi's (in fact MVUE of pis). Let p = C;= ,pi .  Then BLUE of p is given by 
fi  = Y,. It is easy lo see that 

Now consider another estimator of p. Let Z, = C:l=, U i j .  Hence Z, - N ( p ,  Bi ) ,  
B, = XI=, Ai j ,  are independent. Define Z = (xy=, B i  ' )-'x,";, BJ ' Z j ,  which is an 
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STATISTICAL PROOFS 115 

unbiased estimator of p, based on Z j  alone. Hence 

where for a pair of n.n.d. matrices 4 and B, 4 2 B means A - B is n.n.d.. 
But 

From the equations (18), (19) and (20) the result follows. 

A similar results can be proved for n.n.d. (possibly singular) matrices, as  given 
below. 

THEOREM 2.8 If'Aij ( i  = 1.2, . . . , n, j = 1,2, . . . , m) are n.n.d. mutrices then 

Proof Consider the collection of linear models 

where Aij = XijXij, and Yij's are independent. Define y= The BLUE of 
A 

a'y is C;,, a'&, where a €  n:=, ..X(.4,) f ~ r  every j. Hence Var (a'?) is 

Now, let us look a t  the another estimator of y. For every j let us consider an 
estimator of y say p,j, based of Yij for i = I,?,. . . , n, Then, the pseudo-dispersion matrix 
of ?,j, is 

Define 

- 1  m 

1 1  = ( ) j =  E 1 ~ j  h) 

Clearly Var(a'?) is not larger than Var(a1PI1). Hence the result. 
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